We have calculated the large-q expansion for the energy cumulants and the magnetization cumulants at the phase transition point in the twodimensional q-state Potts model to the 21st or 23rd order in 1/ √ q using the finite lattice method. The obtained series allow us to give very precise estimates of the cumulants for q > 4 on the first order transition point. The result confirms us the correctness of the conjecture by Bhattacharya et al. on the asymptotic behavior not only of the energy cumulants but also the magnetization cumulants for q → 4+.
Introduction
It is a challenging problem to determine the order of the phase transition in the physical system where the order changes from the first order to the second one by a small variation of a parameter of the system. It is important to know how the quantities that remain finite at the first order transition point diverge or vanish when the parameter approaches the point at which the transition changes to the second order one. The q-state Potts model [1, 2] in two dimensions gives a good place to investigate the properties of the phase transition around such a point.
It exhibits the first order phase transition for q > 4 and the second order one for q ≤ 4. Many quantities of this model at the phase transition point β = β t are known exactly for q > 4, including the latent heat [3] and the correlation length [4, 5, 6] , which vanishes and diverges, respectively, in the limit q → 4 + . One the other hand physically important quantities such as the specific heat and the magnetic susceptibility at the transition point, which also increase to infinity as q → 4 + , are not solved exactly. Bhattacharya et al. [7] made a stimulating conjecture on the asymptotic behavior of the energy cumulants including the specific heat at the first order transition point; the relation between the energy cumulants and the correlation length in their asymptotic behavior at the first order transition point for q → 4 + will be the same as their relation in the second order phase transition for q = 4 and β → β t , which is well known from their critical exponents. If this conjecture is true not only in the q-state Potts model but also in other general physical systems with a phase transition whose order change from the first order to the second one when some parameter of the system is varied, it would give a good guide in investigating such systems.
Bhattacharya et al. [8] also made the large-q expansion of the energy cumulants to order 10 in z ≡ 1/ √ q and they analyzed the series according to the conjecture, giving the estimates of the cumulants at the first order transition point for q ≥ 7. The obtained estimates are at least one order of magnitude better than those given by other methods such as the Monte Carlo simulations [9] and the low-(and high-)temperature expansions [10, 11, 12] , in spite of the fact that the maximum size of the diagrams taken into account in their large-q expansion is less than the correlation length for q < ∼ 15 while the Monte Carlo simulations are done carefully on the lattice with its size about 30 times as large as the correlation length and also the fact that the maximum size of the diagrams in their large-q expansion is as small as the half of the maximum size of the diagrams in the low-(and high-)temperature expansions These strongly suggest the correctness of the conjecture. The large-q series obtained by them are, however, not long enough to investigate the behavior of the energy cumulants for q closer to 4.
In this paper we will enlarge the large-q series not only for the energy cumulants but also the magnetization cumulants at the transition point to order of 21 or 23 in z using the finite lattice method [13, 14, 15] , instead of the standard diagrammatic method used by Bhattacharya et al.. The finite lattice method can in general give longer series than those generated by the diagrammatic method especially in lower spatial dimensions. In the diagrammatic method, one has to list up all the relevant diagrams and count the number they appear. In the finite lattice method we can skip this job and reduce the main work to the calculation of the expansion of the partition function for a series of finite size lattices, which can be done using the straightforward site-by-site integration [16, 17] without the diagrammatic technique. This method has been used mainly to generate the low-and high-temperature series in statistical systems and the strong coupling series in lattice gauge theory. One of the purposes of this paper is to demonstrate that this method is also applicable to the series expansion with respect to the parameter other than the temperature or the coupling constant. Such an approach was successfully done by Bakaev and Kabanovich in generation the long series for the ground-state entropy of the q-state antiferromagnetic Potts model in two dimensions [18] . The long large-q series obtained here by the finite lattice method enables us to examine the conjecture by Bhattacharya et al. on the asymptotic behavior of the energy and magnetization cumulants for q very close to 4. We can also give the estimates of these cumulants for each q = 5, 6, 7, · · · that are orders of magnitude more precise than the estimates by the previous works and they would serve as a target in investigating this model in various contexts, for example in testing the efficiency of a new algorithm of the numerical simulation. A brief note on this subject was already presented in [19] , where we concentrated only on the specific heat.
The remainder of this paper is organized as follows. The algorithm of the finite lattice method to generate the large-q expansion of the free energy is given for the disordered phase in section 2 and for the ordered phase in section 3. The relation between the two algorithms is also discussed in section 3. The obtained series for the energy and magnetization cumulants at the phase transition points are presented in section 4. In section 5 the series are analyzed to investigate the asymptotic behavior of the cumulants at q → 4 + as well as to make the estimation of the cumulants at various values of q > 4. In section 6 we conclude with a brief summary and a few remarks.
Algorithm in the disordered phase
The model is defined by the partition function
where the spin variable s i at each site i takes the values 1, 2, · · · , q and i, j represents the pair of nearest neighbor sites. The phase transition point β t for h = 0 is given by exp (β t ) − 1 = √ q. We consider below in this section the free energy density in the disordered phase, which is given by
Here the partition function Z d (L x , L y ) in the disordered phase should be calculated for the L x × L y lattice with the free boundary condition as depicted in Fig.1 . We first restrict ourselves to the discussion in the case of h = 0. The large-q expansion of the partition function in this phase can be given through
and L y = 5) with the free boundary condition for the disordered phase.
the Fortuin-Kasteleyn representation [20] as
with
Here Λ d is the set consisting of all bonds in the lattice, X is any subset of Λ d and represents a configuration of bonds, excluding the empty set (the null configuration) which gives the leading contribution and is separated in the first term of Eq.
is the number of bonds in X and c(X) is the number of clusters of sites in X. Two sites connected to each other by a bond belong to the same cluster (An isolated single site is a cluster). The φ(X) is called the activity of X. It is useful to note that the activity can be rewritten as
where l(X) is the number of independent closed loops formed by the bonds in X.
We define
where Z d (l x , l y ) is the partition function for the l x × l y lattice, again with the free boundary condition as shown in Fig.1 . We next define W d (l x , l y ) recursively as
Here the term with l ′ x = l x and l ′ y = l y should be excluded in the summation. Then the free energy density defined by Eq.(2) is given by [15] 
Now we have to know from what order in z the W d (l x , l y ) starts. Only for this purpose, let us suppose to apply the standard cluster expansion [21, 22] based on the diagrams the large-q expansion for the free energy in the disordered phase. It should be stressed that in the practical calculation of the finite lattice method we need not perform this cluster expansion at all. A polymer is defined as a set X of bonds that satisfies the condition that there is no division of X into two sets X 1 and X 2 so that φ(X) = φ(X 1 )φ(X 2 ). A set X composed of a single bond is a polymer. Below in this paragraph we discuss on the polymers that consists of two or more bonds. Now we define a cluster of bonds in X so that two bonds that are connected by a site belong to the same cluster. A polymer consisting of two or more bonds is composed of a single cluster of bonds, since a set of bonds composed of more than one disconnected clusters of bonds apparently does not satisfy the condition of a polymer. A cluster of bonds is a polymer if and only if the cluster of the bonds cannot be divided into tow or more clusters of bonds by cutting at any site that is shared by the bonds belonging to the cluster. We call such a cluster of bonds as one-site irreducible. In fact for a set X r consisting of a one-site reducible cluster of bonds that can be divided into clusters X 1 , X 2 , · · · , X n of bonds by cutting at a site, we have φ(X r ) = φ(X 1 )φ(X 2 ) · · · φ(X n ), which implies that this set of bonds is not a polymer. For a cluster of bonds to be one-site irreducible, it is necessary that the bonds should form one or more closed loops and that each bond should belong to at least one of the loops, which we call closed. An example of a closed cluster of bonds is shown in Fig.2(a) . For each closed cluster of bonds, the loop of the bonds that forms the perimeter of the whole cluster is called the exterior boundary. The exterior boundary for the closed cluster of bonds in Fig.2(a) is indicated in Fig.2(b) . An interior boundary is a loop inside which all bonds are removed and we call the part of the cluster surrounded by the interior boundary as a hole. The closed cluster of bonds in Fig.2 (a) has a hole with the interior boundary, as indicated in Fig.2(c) . For a cluster of bonds to be one-site irreducible, not only should it be closed but also its exterior boundary has no crossing. If the exterior boundary has a crossing, as in Fig.3 , the cluster of bonds is one-site reducible and is not a polymer. Thus a polymer is the closed cluster of bonds with its exterior boundary having no crossing. We list as an illustration in Fig.4 all the polymers that can be embedded within 3 × 3 lattice with their activities. The polymers are skipped that can be obtained by rotating and/or reflecting those in Fig.4 . For later convenience we add some definitions concerning a polymer. A concave corner in the boundary of a polymer is the part of the boundary composed of two neighboring bonds that are bent perpendicular to each other toward the interior of the polymer. If two neighboring corners on the boundary are both concave, we call the two corners together with the bonds in a straight line connecting the two corners as a concave part of the boundary. Examples of the concave parts are given in Fig.5 . According to the theorem of the standard cluster expansion [21, 22] , the free energy for the l x × l y lattice is given by
where the summation should be taken for every cluster of connected polymers {X 1 , X 2 , · · · , X n } defined by the condition that there is no division of the cluster of polymers {X 1 , X 2 , · · · , X n } into two clusters of polymers {X
cluster' of polymers here should be distinguished from the 'cluster' of sites in the Fortuin-Kasteleyn representation or the 'cluster' of bonds defined in the explanation of the polymers above.) The c(X 1 , X 2 , · · · , X n ) in Eq. (9) is the numerical factor that depends on the way how the clusters of polymers are connected, the details of which are not necessary here.
When a cluster of connected polymers can be embedded into the l x × l y lattice but cannot be embedded into any of its rectangular sub-lattices, we call it shortly to fit into the l x × l y lattice. Then we can prove the theorem [15] that the Taylor expansion of the W d (l x , l y ) with respect to z includes the contribution from all the clusters of polymers in the standard cluster expansion that fit into the l x × l y lattice. Now, according to this theorem, we can know the order of W d (l x , l y ) in z by examining the clusters of connected polymers that fit into the l x × l y lattice. We first note that W d (1, 1) = 0 since the 1 × 1 lattice consists of a single site with no bond, so that no polymer can be embedded into this lattice, and
since the 2 × 1 or 1 × 2 lattice consists of two sites connected by one bond, so that a polymer composed of a single bond can be embedded into this lattice. We also note that W d (l x , 1) = W d (1, l y ) = 0 for l x ≥ 3 or l y ≥ 3, because the corresponding lattice consists of the sites connected by bonds all on a straight line and the only clusters of polymers that fit into the lattice are those with each polymer composed only of a single bond and these polymers are not connected according to the definition of the connected polymers.
We next consider the order of W d (l x , l y ) for l x ≥ 2 and l y ≥ 2. We first consider a cluster consisting of a single polymer that fits into the l x ×l y lattice. If the polymer has a concave part in its exterior boundary we can add some bonds to make the part flat, obtaining a new polymer whose activity is changed by a factor of Y n z −1 with n the number of added bonds, so its order in z is lowered. This implies that a polymer that has concave part in the exterior boundary does not contribute to the lowest order term of W d (l x , l y ) in z. Let us next consider the case when the polymer has some holes. The interior boundary surrounding each hole has at least one concave part. (We take the hole as the exterior of the polymer when we say 'concave' here.) We can add some bonds to make the concave part flat, again obtaining a new polymer with the order of its activity in z lowered by a factor of z −1 . This implies that a polymer that has a hole does not contribute to the lowest order term of W d (l x , l y ) in z. Thus the remaining polymers that have neither a concave part on the exterior boundary nor a hole in the interior give the contribution to the lowest order term of W d (l x , l y ), examples of which are shown in removing pairs of bonds to their concave corners or from their convex corners, respectively. When each pair of bonds is added or removed the activity of the polymer is changed by Y 2 with its order in z unchanged. Hence we see that their orders are all the same; that is, the order of z lx+ly−2 . Next we consider a cluster of connected tow or more polymers that fits into the lattice. It is enough to take into account the clusters of polymers that do not have either a concave part on the boundary or a hole in the interior, since we are going to know the clusters of connected polymers that contributes to the lowest order term in z. Among the clusters of connected two or three polymers that fit into the lattice, those give the lowest order contribution in which the polymers touch each other only through their exterior boundary and each neighboring pair of polymers share only one bond, like Fig.7 (a), and this type of clusters have the order of z lx+ly+n−3 for the cluster of n polymers (n = 2, 3), which is higher than the lowest order contribution from the clusters composed of a single polymer. We note that a cluster of two or three polymers in which each neighboring pair of polymers share only one site, an example of which is given in Fig.7 (b), is not connected according to the definition of the connected polymers. Among the cluster of connected more than four or more polymers that fit into the lattice, those give the lowest order contribution in which four of the polymers surround a plaquette and each neighboring pair of polymers share only one site, like Fig.8 , and this type of clusters have the order of z lx+ly+n−4 (n ≥ 4) for the cluster of n polymers, which is also higher than the lowest order contribution from the clusters composed of a single polymer. In summary the lowest order term of W d (l x , l y ) has the order of z lx+ly−2 for l x ≥ 2 and l y ≥ 2, which comes from the clusters of a single polymer without a hole or a concave part fitting into l x × l y lattice. Thus in order to obtain the series to order z N for the free energy density, we have only to take into account in Eq. (8) 
We summarize the procedure of the finite lattice method to generate the large-q expansion series of the free energy density in the disordered phase. 1) Calculate the partition function Z d (l x , L y ) defined by Eq.(3) as a power series of z to order z N (and of Y in full order) for each l x × l y lattice with l x + l y − 2 ≤ N . In these calculations use the transfer matrix method and integrate bond by bond [16, 17] , which reduces the necessary CPU time and storage. 2) Calculate H d (l x , l y ) defined by Eq.(6) as a power series of z by Taylor expanding ln Z d (l x , l y ) for each l x × l y lattice. 3) Calculate W d (l x , l y ) defined recursively by Eq.(7) for each l x × l y lattice. 4) Sum up all the W d (l x , l y )'s with l x + l y − 2 ≤ N according to Eq.(8) to obtain the expansion series for the free energy density. Now we discuss on the free energy in the case of h = 0. The Boltzman factor in Eq.(1) that involves the effect of the magnetic field h can be divided into two parts as exp (hδ si,1 ) = 1 + µδ si,1
with µ = e h −1. The partition function Z d (l x , l y ) is given by the same expression as Eq. (3) with X now representing the configuration of both bonds and frozen sites. These frozen sites in X are the sites whose spin variables are fixed to 1 corresponding to the second term of Eq.(10). The activity φ(X) is now given by the right hand side of Eq.(4) multiplied by the factor µ s(X) with s(X) representing the number of the frozen sites in X and by the factor q −f (X) = z
with f (X) representing the number of the clusters of sites that include at least one frozen site in X. H d (l x , l y ) and W d (l x , l y ) are defined by the same equation as Eq. (6) and (7) and the free energy density in the thermodynamic limit is given by Eq.(8). In the standard cluster expansion the polymer whose activity is proportional to µ n is given by the cluster of bonds and n frozen sites that cannot be divided into two or more clusters by cutting at a site so that one of the clusters involves no frozen site. There is only one polymer whose activity is proportional to µ, which is composed of a single frozen site with no bond. Therefore, if we expand
d (l x , l y ) = 0 for the other pairs of l x and l y . So the coefficient of the term proportional to µ in the free energy density is just z 2 . This will lead to the result that the magnetization in the disordered phase is zero. We can see for n ≥ 2 that W (n) d (l x , l y ) has the order of z (lx+ly) for n ≤ l x l y and has the order of z k(lx+ly) or higher with k = [n/(l x l y )] for n > l x l y . Here [p] indicates the integer that is less than p. The cluster of polymers that contributes to its lowest order term is composed of a single polymer that has n frozen sites and fits into l x × l y lattice for n ≤ l x l y and it is composed of k polymers (k ≥ 1) each of which has l x l y frozen sites and fits into l x × l y lattice and a polymer with n − kl x l y frozen sites for n > l x l y . Thus the order of W (n) d (l x , l y ) for n ≥ 2 is z lx+ly or higher. So, in order to generate the large-q expansion of the term in the free energy density that is proportional to µ n with n ≥ 2, it is enough to take into account the finite-size lattices that satisfy l x + l y ≤ N in Eq. (8) . 3 Algorithm in the ordered phase
Next we consider the large-q expansion of the free energy density F o (β) in the ordered phase, which is given by the same equation as Eq. (2) with the suffix d replaced by o where the partition function Z o (L x , L y ) in the ordered phase should be calculated for the L x × L y lattice with the fixed boundary condition as depicted in Fig.9 . The values of the spins on the boundary are all fixed to a single value among 1, 2, · · · , q. Here we take this value as 1. We first restrict ourselves to the discussion in the case of h = 0 again. By the duality the ordered and disordered free energy densities are related as
One method to obtain the large-q series for the energy cumulant F (n) o at β = β t in the ordered phase is to use the relations
which are derived directly from the duality relation (11) . These were given in Ref. [8] except for the last one.
In spite of that, we give below the algorithm to generate the series for the free energy density in the ordered phase by the finite lattice method without relying on the duality relation. This algorithm will prove important when we extend our work to generate the magnetization cumulants, since they can be obtained by the derivative of the free energy density with respect to the external magnetic field and we have no longer duality relation for the free energy density in the presence of the external magnetic field. The large-q expansion of the partition function in this phase can be given also through the Fortuin-Kasteleyn representation as
HereX is a configuration of the removed bonds and we also useX to represent the set of removed bonds. In the leading configuration for the fixed boundary condition all the pairs of nearest neighbor sites are connected by the bonds and there is no removed bonds (X is the empty set), and its contribution is separated as the first term of Eq.(13). In Eq.(14)Ỹ ≡ √ q/(e β − 1) and b(X) is the number of bonds inX and c(X) is the number of clusters of sites in the configuration of bonds withX removed without taking into account the clusters including the sites on the boundary. We define
where Z o (l x , l y ) is the partition function for the l x × l y lattice, again with the fixed boundary condition as shown in Fig.9 . We next define W o (l x , l y ) recursively in the same way as in Eq. (7). Then the free energy density in the ordered phase is given by
It is useful to compare now the large-q expansions by the finite lattice method for the disordered phase presented in the previous section and for the ordered phase presented here. We first note that the lattice with the free boundary condition in Fig.1 and the lattice with the fixed boundary condition in Fig.9 are dual to each other in the sense that each site of one lattice is located at the center of a plaquette of the other lattice, when the two lattices have the same size. We denote X ∼X as the relation between the configuration X of the bonds on the lattice with the free boundary condition and the configurationX of the removed bonds on the lattice with the fixed boundary condition, if the location of each bond (identified with its center) in X coincides with the location of each corresponding removed bond (also identified with its center) inX (see Fig.10(a) and (b) ). Then, the number l(X) of independent closed loops for each configuration X in Eq. (5) is equal to the number c(X) of clusters of sites in the configuration withX removed in (14) forX ∼ X (see Fig.10 (a) and (b)), so that φ(X) = ϕ(X) when Y =Ỹ . We therefore know from Eq.(3), (6), (13) and
, that is, the order of z lx+ly−2 . So in order to generate the series to order z N we have only to take into account the rectangular lattices with l x + l y − 2 ≤ N in Eq.(16). This conclusion can also be reached by repeating the discussion based on the standard cluster expansion using the diagrams. The discussion goes completely in parallel with those given for the disordered phase in the previous section if the set of bonds X representing the configuration of bonds for the disordered phase is replaced by the set of removed bondsX for the ordered phase.
The relation of W d (l x , l y ; Y, z) = W o (l x , l y ;Ỹ , z) for Y =Ỹ also implies that the free energy densities F d (β) given by Eq.(8) and F o (β) given by Eq.(16) satisfy the duality relation (11), because the condition that Y =Ỹ is equivalent to the condition for β andβ in the duality relation in Eq.(11). Now we proceed to the discussion of the free energy in the case of h = 0. The partition function Z o (l x , l y ) is now given by the same expression as Eq. (13) withX representing the configuration of both removed bonds and frozen sites. The activity φ(X) here is given by the right hand side of Eq. (14) multiplied by the factor µ s(X) with s(X) representing now the number of the frozen sites iñ X and by the factor q −f (X) = z 2f (X) with f (X) representing the number of the clusters of sites that include at least one frozen site inX without taking into account the clusters including the sites on the boundary. In the standard cluster expansion the polymers whose activity is proportional to µ n (n ≥ 1) are given by the same polymers that appear in the cluster expansion in the case of h = 0 discussed above except that their n sites are frozen. These frozen sites should belong to the cluster of sites that does not include the site on the boundary. By freezing n sites the order of its activity in z increases by 2n. There is one exceptional polymer. It is composed only of a single frozen site with no removed bonds and its activity is just µ. If we expand W o (l x , l y ) in µ as
o (l x , l y ) = 0 for l x = 1 or l y = 1 since such a lattice does not have a site except on the boundary. We also know that W
for l x = l y = 2. The cluster of polymers that contributes to its lowest order term is composed of n exceptional polymers each of which are composed only of a single frozen site. We can see that W (n) d (l x , l y ) for the other pairs of l x and l y has the order of z (lx+ly−2) . The cluster of polymers that contributes to its lowest order term is composed of a polymer that has no frozen site and fits into the lattice with the order of z (lx+ly−2) and n exceptional polymers each of which are composed only of a single frozen site. So, in order to generate the large-q expansion of the term in the free energy density that is proportional to µ n , it is enough to take into account the finite-size lattices that satisfy l x + l y − 2 ≤ N in Eq.(16).
Series
The algorithms in the previous two sections give the large-q expansion of the free energy density at the arbitrary inverse temperature β. The energy cumulants can be obtained by taking its derivative with respect to β. If we are interested in the energy cumulants only at the phase transition point, as is the case here, we can set Y = 1 + y andỸ = 1 +ỹ (with y = 0 andỹ = 0 at β = β t ) [23] , then in order to obtain the nth cumulant we have only to keep the expansion with respect to y to order y n as
dỹ . Using this procedure we have calculated the series to order N = 23 in z for the nth cumulants with n = 0, 1, 2 and to order N = 21 for the cumulants with n = 3, · · · , 6. The coefficients of the series are listed in Table 1 and 2 for the disordered phase and in Table 3 and 4 for the ordered phase. We have applied the finite lattice method both in the ordered and disordered phases without relying on the duality relations (12) for the cumulants. We have checked that all of W d (l x , l y ) and W o (l x , l y ) with l x + l y − 2 ≤ N have the correct order in z as described in the previous two sections. The obtained series for the zeroth and first cumulants (i.e., the free energy and the internal energy) agree with the expansion of the exactly known expressions. The coefficients for F (n) o agree with those by Bhattacharya et al. to order 10. We have also checked that the series satisfy the duality relations (12) for the cumulants.
The nth magnetization cumulant of the free energy at β = β t and h = 0 is defined by
It can be calculated from the expansion series of the free energy in µ to order µ n using
We have calculated the series for the nth cumulants with n = 1, 2, 3 to order N = 21 in z. The coefficients of the series are listed in Table 5 and 6 for the disordered and ordered phases, respectively. The series for the first cumulant (i.e., the magnetization) in the disordered phase is vanishing and not listed here. The series for the first cumulant in the ordered phase agrees with the expansion of its exactly known expression. for the nth energy cumulants of the free energy at β = β t in the disordered phase (n = 1-4). for the nth enrgy cumulants of the free energy at β = β t in the disordered phase (n = 5, 6). 1  2  2  2  994  4034  3  24338  186626  4  488162  5995138  5  5985042  110362330  6  60977034  1583071794  7  503300684  17852715736  8  3668770296  171621163420  9  23690762442  1432076136578  10  140396232786  10720828033434  11  768231161504  72985931413600  12  3949989951344  459566465021728  13  19184686377744  2701568006995708  14  88891085678652  14974796851686096  15  394525773133188  78777820375010652  16  1687573606453276  395842580467193364  17  6978567585546266  1908650742049266298  18  28012258546890218  8869906520648194890  19  109405587397512484  39863282911219604012  20  416940286121010524 173802434948834045508  21 1553287387425965092 737013278292605504308 Table 3 : The large-q expansion coefficients a (n,m) o for the nth energy cumulants of the free energy at β = β t in the ordered phase (n = 1-4). 0  1  2  1  1  3  4  12  4  21  120  5  72  804  6  289  4943  7  920  25764  8  3197  126310  9  9632  564780  10  30589  2412549  11  88412  9714144  12  264037  37758464  13  738508  140800740  14  2109461  510552463  15  5744540  1794840960  16  15861797  6167896002  17  42249692  20689927908  18  113575441  68107803125  19  296922168  219877596348  20  781015901  698663386396  21 2009401452 2184569257680 Table 6 : The large-q expansion coefficients b (n,m) o for the nth magnetization cumulants of the free energy at β = β t in the ordered phase (n = 1-3) 
Analysis
In the first part of this section we analyze the large-q series for the energy cumulants presented in the previous section. The series of the magnetization cumulants are analyzed in the rest part of this section. The asymptotic behavior of the energy cumulants at β = β t for q → 4 + was conjectured by Bhattacharya et al. [7] as follows. It is well known that there is an asymptotic relation between the energy cumulants and the correlation length ξ for β → β t at q = 4 as
with the constant A that is independent of n. This relation comes from the fact that the critical exponents of the correlation length and the specific heat in the second order phase transition are ν = 2/3 and α = 2/3, respectively, for q = 4. Their conjecture claims that the relation (20) is also held as the asymptotic relation between the energy cumulants and the correlation length at the first order phase transition point for q → 4 + . Then, from the known asymptotic behavior of the correlation length at the first order phase transition point for
where x ≡ exp π 2 2θ with θ defined by 2 cosh θ ≡ √ q (θ ∼ √ q − 4/2 for q → 4 + ), the conjecture implies that the asymptotic form of the energy cumulants in the limit of q → 4 + is given by
We notice that the constants α and B should be independent of n and from the duality relations (12) that they should be common to the ordered and disordered phases.
To analyze the large-q series for these quantities, Bhattacharya et al. used a sophisticated method. Let f (z) be a function that has the asymptotic behavior of the right hand side of Eq. (22) . Then θ ln f (z) is a regular function of z except for the possible terms proportional to the inverse powers of x, which vanishes rapidly when θ approaches zero. Although θ itself cannot be expanded as the power series of z since θ diverge at z = 0, the quantity 1 − e −θ = 1 − 2z/( √ 1 − 4z 2 + 1) behaves like θ for θ → 0 and can be expanded as a power series of z. Then one may expect that (1 − e −θ ) ln f (z) will be a smooth function of z and its Padé approximant will give a convergent result for q → 4 + . In fact using the 10th order series Bhattacharya et al. found that the Padé approximants of F (2) give convergent results for q > ∼ 7. The obtained results were more precise than the results of the Monte Carlo simulations [9] and the low-(or high-)temperature series [10, 11, 12] as mentioned in the introduction and exhibits rather flat behavior of F (2) /x around 7 < ∼ q < ∼ 10, suggesting the correctness of the asymptotic behavior (22) for n = 2 with α ∼ 0.76. If we use our longer 23rd order series of F (2) to repeat these Padé analyses, we find that the convergent region of q is extended down to q ∼ 5, with the accuracy of a few percent at q = 5 and the data of F (2) /x is rather flat for 5 < ∼ q < ∼ 10, which gives a stronger support to the conjecture that F (2) is approaching its asymptotic form (22) .
We, however, adopt here another method of the analysis that is simpler and more efficient. The latent heat L has the exact asymptotic form as [7] 
has the asymptotic form of Eq. (22), the product F (n) L p is a smooth function of z for q → 4 + when p = 3n − 4, while it behaves like some positive or negative powers of x and has an essential singularity with respect to z at q = 4 when p = 3n − 4. Thus if we try the Padé approximation of F (n) L p it will lead to a convergent result for p = 3n − 4, while the approximants will scatter when p is off this value. In the Padé approximation of F (n) L p the series for the ordered and disordered phases should be treated in a slightly different way, corresponding to the difference of the lowest order of the series; the series for the ordered phase starts from the order of z 2 , while the series for the disordered phase starts from the order of z. Thus we should solve the following equation:
where r is 2 for the ordered phase and 1 for the disordered phase, and P M (z) and Q L (z) are polynomials of order M and L respectively with M + L + r = N where N is the truncated order of the series. Fig.11 is the result of this analysis of F
d L p for q = 4. We see very clearly that the Padé approximants have the best convergence at p = 2.00(1) and the convergence becomes bad rapidly when p leaves this value. All the other approximants for F
p have similar behaviors with respect to p with the best convergence at p = 3n − 4, although we do not show them in figures. These results are enough to convince us that F (n) d,o has the asymptotic behavior that is proportional to x 3n/2−2 .
Then we calculate the amplitude of F (n) for each q by taking the Padé approximants of F (n) L 3n−4 and multiplying L 4−3n that is calculated from its exact expression. Usually a diagonal approximant (that is, M = L) or its neighborhood produces good estimates. We, however, adopt here all the approximants with M ≥ 8 and L ≥ 8, since we have found in this case that each of these approximants is scattered almost randomly around their average value and we have found no reason to give a special position only to the diagonal approximant. Some denominators of the approximants have zero at z < 1/2 (q > 4) and we have excluded such approximants. The results for n = 2, · · · , 6 in the In any case, the estimates have surprisingly high accuracy. Our data are orders of magnitude more precise than the result of the Monte Carlo simulation by Janke and Kappler [9] for q = 10, 15, 20 (also listed in Table 7 -10), which was performed carefully in large enough lattices checking the finite size effects, and they are consistent with each other except for small differences in the data of the 5th and 6th cumulants for the ordered phase. On the other hand, the results of the low-temperature series [12] (also listed in Table 7 and 8) are inconsistent with these. This would be because we do not have the correct knowledge (or conjecture) of the possible singularity structure of the cumulants at some β ≤ β t in extrapolating the low-temperature series toward β = β t . We should emphasize that the value of the specific heat has an accuracy of about 0.1 percent at q = 5 where the correlation length is as large as 2500 lattice spacing [6] and there is no previous data to be compared with, and of a few percent even at the limit of q = 4 where the correlation length diverges. The accuracy is better by a factor of more than 10 when compared with the result of using the Padé approximation for (1 − e −θ ) ln F (n) . The reason for this is the following. Let us suppose that the Padé approximants give estimates of
, then the estimate of F (n) from the former would also have an ambiguity factor of 1 ± δ, while the estimate of F (n) from the latter would have an ambiguity factor of e ±c ′ δ ′ /θ , which grows up for the (51) plus sign and shrinks to zero for the minus sign when θ → 0(q → 4 + ).
Next we determine the constant α and β in the asymptotic form (22) for q → 4 + . The constants α can be determined by the value of F (2) /x in the limit of q → 4 + . We read from Fig.12 that
On the other hand, the constant B is given by the asymptotic value of the following combination for n ≥ 3:
Their asymptotic values should be common to each n. The behavior of the quantity in Eq.(24) for the ordered and disordered phases are given in Fig.17 and 18 respectively. The graphs for n = 3 and n = 4 show clear convergence even at θ = 0 giving the value of B very close to each other, that is, B ∼ 0.38 (3) We also notice that, although the results for n = 5 and n = 6 have considerably large errors in the small θ region so we cannot say anything definite, the values of the quantity in Eq. (24) at the points where the errors begin to grow are also close to this value of 0.38(3). Thus we may estimate the constant B as B = 0.38 ± 0.03 .
In conclusion the Padé data of the large-q series for the energy cumulants convince us that the conjecture (22) for the asymptotic form is true at least for n = 2, 3 and 4 and suggest its correctness for n = 5 and 6. for the disordered phase (n = 3-6). The values in the brackets are the data of the Monte Carlo simulations. Now, we analyze the series of the magnetization cumulants. The nth magnetization cumulants M (n) is well known to behave for β → β t at q = 4 as
and we can make a conjecture parallel to the conjecture for the energy cumulants by Bhattacharya et al.: this relation will also be kept in the limit q → 4 + with β = β t , which implies using the asymptotic behavior of the correlation length in Eq.(21) in this limit that
Therefore we use the same method of analysis as in the case of the energy cumulants.
At first, we have checked that the approximants for M Table 11 for integer values of q ≥ 5. The estimates of the magnetization cumulants have also surprisingly high accuracy. Our data are orders of magnitude more precise than the result of the Monte Carlo simulation by Janke and Kappler [9] for q = 10, 15, 20 (also listed in Table 11 (n) is plausible to be multiplied by the correction factor that is not an even function of θ, since in the case of the first cumulant(i.e., the magnetization) the correction factor is not an even function of θ [3] . If it would be the case, the combination |M (n) |/x (15n−16)/8 would not be an even function of θ, then it could not be approximated well arround θ = 0 by the function of z, which is an even function of θ. (On the contrary in the case of the energy cumulants the asymptotic form (22) is plausible to be multiplied by the correction factor that is an even function of θ, since the latent heat is just the difference between the two first energy cumulants. So the combination F (n) L 3n−4 is expected to be well approximated by the Padé approximants in z even around θ = 0.) Therefore, we will give the prediction of the values of B In conclusion the Padé data of the large-q series for the magnetization cumulants also convince us that the conjecture (26) for the asymptotic form is true at least for n = 2 and 3.
Summary
The finite lattice method was applied to generate the large-q expansion of the nth energy cumulants (n = 0, 1, · · · , 6) and of the nth magnetization cumulants (n = 1, 2 and 3) at the phase transition point for the ordered and disordered phases in the two-dimensional q-state Potts model. It enabled us to extend the series of the energy cumulants to the 23rd order in z = 1/ √ q for n = 0, 1, 2 and to the 21st order for n = 3, · · · , 6 from the 10th order generated by Bhattacharya et al. using the standard diagrammatic method. It also enabled us to generate the new series of the magnetization cumulants to the 21st order. We made the Padé analysis of the series for the product of each cumulant and some powers of the latent heat that is expected to be a smooth function of z if the conjecture by Bhattacharya et al. is true that the relation between the cumulants and the correlation length in the asymptotic behavior for β → β t at q = 4 will be kept in their asymptotic behavior at the first order transition point for q → 4 + . It allowed us to present very precise estimates of the cumulants at the transition point for q > 4. The accuracy of the estimates is orders of magnitude higher than the results of the Monte Carlo simulations and the low-(and high-) temperature series for q > ∼ 7, and for instance of about 0.1 percent at q = 5 where the correlation length is as large as a few thousand lattice spacings and there is no previous data to be compared with, and of a few percent even at the limit of q = 4 where the correlation length diverges. The resulting asymptotic behavior of the cumulants for q close to 4 is consistent with the conjecture by Bhattacharya et al. not only for the second energy cumulant (or the specific heat) but also for the higher energy cumulants. It is important that the asymptotic behavior of the magnetization cumulants is also consistent with the conjecture, which was not investigated by Bhattacharya et al.. This strongly suggests that the conjecture would be the case for all the physical quantities that diverge or vanish at the first order phase transition point for q → 4 + .
